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An inverse algorithm is developed for the design of the 
solidification processing systems. The algorithm entails the use 
of the Tikhonov regularization method, along with an 
appropriately selected regularization parameter. Both the direct 
solution of moving boundary problems and the inverse design 
formulation are presented, along with the L-curve to select an 
optimal regularization parameter for inverse design 
calculations. The design algorithm is applied to determine the 
appropriate boundary heat flux distribution in order to obtain a 
unidirectional solidification front in a 2-D cavity by eliminating 
the effect of natural convection. Inverse calculation is also 
performed for the case in which the solid-liquid interface is 
prescribed to vary linearly. The  L-curve based regularization 
method is found to be reasonably accurate for the purpose of 




Knowledge of liquid-solid interface morphology during 
solidification processing is of paramount importance to the 
microstructure formation in solidified materials. Because often 
the solid-liquid interface position is unknown a priori, the 
problem of finding the interface is classified as moving 
boundary problems. The widespread use of solidification 
principle in materials processing systems has resulted in both 
theoretical and experimental studies on the subject. A wide 
variety of numerical models has been developed for virtually 
every kind of solidification processing systems.  Both the fixed 
grid and moving grid methods have been used to model the 
solidification phenomena. The former involves the use of 
enthalpy-based formulation in which the latent heat is factored 
into an effective heat capacity. The latter, however, tracks the 
solidification front, that is, the solid-liquid interface 
continuously by deforming the grids or elements.  There are                                  
spondence should be made 
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the solid-liquid interface. Model developed using these 
techniques have been applied mainly to answer the question 
concerning the interface position and morphological 
development for given operating conditions and specified 
geometric constraints. 
In designing solidification processing systems, questions 
are often posed inversely.  In practice a desired solidification 
microstructure in the final products dictates a certain type of 
solid-liquid interface front morphology. Thus question often 
arises of how the boundary heat flux distribution needs to be 
specified in order to obtain the desired solid-liquid interface 
during solidification processing. The objective of this paper is 
to present a numerical algorithm for the purpose of inversely 
designing solidification processing systems. 
Inverse heat transfer problems are well known in heat 
transfer community. Several monographs have also been 
devoted to the subject. It is a well-known fact that the inverse 
heat transfer problem is ill-posed, although physically possible. 
Thus, solution of the inverse heat transfer problems often 
requires some sorts of regularization to make the problem 
solvable. The authors [1] have recently developed and assessed 
several inverse algorithms in the heat conduction problem: the 
regularization method, the singular value decomposition 
(SVD), and the Levenberg-Marquardt method. With an 
appropriately selected optimal parameter, the regularization 
method and the SVD were found to be more accurate and 
reliable than the Levenberg-Marquardt method for inverse heat 
conduction calculations. 
 It is, however, conceivable that an inverse free boundary 
problem can be more complex in general than inverse heat 
conduction problems. The objective of inverse solidification 
problems is the determination of the boundary condition by 
utilizing either experimental measurements (inverse 
solidification problems) or prescribed conditions (inverse 1 Copyright © 2004 by ASME 
: http://www.asme.org/about-asme/terms-of-use
Downsolidification design problems). The inverse solidification 
problems have been attempted in literature. Krishnan and 
Sharma [2] found the casting/mold interfacial heat transfer 
coefficient by utilizing experimental temperature measurements 
in the casting solidification problem. They used the finite 
difference method (FDM) combined with Beck’s method for 
their inverse algorithm. O’Mahoney and Browne [3] combined 
their inverse algorithm with the integral-derivative method to 
find the interfacial heat transfer coefficient using temperature 
measurements. Xu and Naterer [4] found the temperature 
distribution by utilizing the prescribed solid-liquid interface 
location and heat fluxes. Much of the work up to date has been 
limited to conduction mode only and few have been considered 
the fluid flow effects.  
Zabaras et al. [7-11] have studied the inverse solidification 
problems both with and without fluid flow being considered. 
They reported various algorithms including Beck’s method, 
steepest descent method (SDM), and the conjugate gradient 
method (CGM). Hale et al. [5] used the Global Time Method 
(GTM) for their inverse algorithm to find the heat flux 
distribution in the boundary of both liquid and solid phase by 
utilizing the prescribed temperature and heat flux in the liquid-
solid interface. In their approach, the solid and liquid regions 
are treated as two distinct inverse heat transfer problems. 
Dulikravich et al. [6] found the optimal magnetic field in the 
boundary utilizing the prescribed magnetic field line and 
temperature distribution. 
In this paper, we present an inverse computational 
methodology for the modeling of solidification processing 
systems. The motivation for this work is derived from the 
successes enjoyed in the heat transfer community for the 
prediction of heat transfer coefficients and thermophysical 
properties using measured thermal data such as temperature 
distribution and reported work on the subject. Different from 
the reported on inverse solidification problems, our algorithm is 
based on Tikhonov regularization, along with appropriately 
determined regularization parameter using the L-curve method. 
The formulation of the problem and selection of the 
regularization parameter for moving boundary problems are 
discussed. The algorithm is applied to determine the boundary 
heat flux distribution for a prescribed solidification front in a 2-










ε=penalty parameter for pressure 
φ=shape function for velocity 
θ=shape function for pressure 






d=interface distance  
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Φ=monotonically increasing function 




M=number of sensors  
N=number of unknowns 










Figure 1 schematically illustrates the 2-D model for 
solidification problem under consideration. The top and bottom 
walls are thermally insulated. The temperature at the left-hand 
side is fixed at a constant temperature above the melting point, 
while the right hand-side wall is subject to cooling. The melt, 
which is initially above the melting temperature, starts to 
solidify as a result of cooling at the right-side wall.  The fluid 
flow and heat transfer in the system are governed by the 
Navier-Stokes equations. For the melt flow, the standard 
Boussinesq approximation, ( )[ ]00 1 mT TT −−= βρρ , has been used.  
The governing equations for the problem are given as follows: 
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Figure 1. Schematic of solidification in a 2-D cavity 
 
 The no slip condition is specified at the walls.  The top 
and bottom walls are thermally insulated and the left-side wall 
is a constant temperature above melting point. Cooling is 
applied at the right-side wall either as a cooling heat flux or a 
fixed temperature below melting point and the solid-liquid 
interface is to be obtained for direct problem or well-posed 2 Copyright © 2004 by ASME 
: http://www.asme.org/about-asme/terms-of-use
Dowproblem. For the inverse problem, however, the solid-liquid 
interface shape is specified and the cooling condition at the 
right-side is to be obtained. 
 SOLUTION OF DIRECT PROBLEM 
The governing equations described above along with the 
boundary conditions are solved using the deforming Galerkin 
finite element method.  The stiffness matrix is obtained by 
using Galerkin’s method of Weighted Residuals. The 
formulations and relevant benchmark tests were detailed in a 
series of papers published earlier [12-14] and thus only a brief 
summary is given here. The governing equations are recast in 
an integral form and the field variables are interpolated using 
shape functions over the computational domain. With an 
appropriate algebraic manipulation, the following set of 
equations are obtained: 
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 Once the form of shape functions φ, θ , and ψ for velocity, 
pressure and scalars are specified, the integrals defined in the 
above equations can be expressed in matrix form. Combining 
the momentum and energy equations into a single matrix 
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(8) 
Note that in constructing the above element matrix equation, 
the penalty formulation has been applied, and P in the 
momentum equation is substituted by UEM Tp
11 −
ε . The 
assembled global matrix equations are stored in the skyline 
form and solved using the Gaussian elimination method. The 
coefficient matrices of Eq. (8) above are calculated by 
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To implement the deforming finite elements to model the 
dynamic change of the moving interface, i.e., solidification 
front between the liquid and solid, a quasi-Lagrangian 
description is adopted.  By this method, a region that covers the 
solidifying liquid and solid is defined and the nodes within the 
region are allowed to move in accordance with the interface 
movement.  These additional velocities that result from the 
mesh movement are added to the velocity field as given in the 
above equations.  The energy balance equation describing the 
latent heat release and interface change is directly integrated 








T θρθθθθ TT )ˆ()ˆ(  (9) 
which is applied as a surface energy source to the total thermal 
energy balance equation, and added to the right-hand side of 
Eq. (8). The above equation systems are solved iteratively. 
Separation of the moving interface boundary coordinates from 
the global finite element solutions for field variables, however, 
requires the convergence of both moving interface coordinates 
and field variables in two related loops.  The interface tracking 
strategy used in the present study involves an iterative 
procedure that entails applying the energy balance equation 
along with the interface as a surface source and searching for 
the interface position coordinates based on each converged 
field calculations.  The updated interface positions are then fed 
back to the field calculations until both the interface position 
coordinates and field variables are converged within a preset 
criterion, which is set at 1 x 10-4 (relative error) for the results 
presented below. 
SOLUTION OF INVERSE SOLIDIFICATION PROBLEM 
The inverse solidification problem states that heat flux 
distribution q is sought for a given solid-liquid interface shape 
d . For the purpose of a numerical analysis, the unknown q is 
discretized into N different values, qj, j=1, …, N. Thus, the 
inverse solution is to estimate the N unknown parameters qj 













2)()( αqq    (10) 
where S=sum of squares error, qT= [q1,q2, … ,qN] =vector of 
unknown parameters, di(q)= d(q)=estimated solidification 
interface position, 
id =ideal solidification interface position, 
N=total number of unknown parameters and M=total number of 
controlled solidification distance, where M≥  N.  In the above 
equation α is the regularization parameter. Equation (10) can be 
written in matrix form, 
[ ] [ ] qqqddqddq TTS α+−−= )()()(  (11) 
To minimize the least squares norm given by equation (11), the 
derivatives of S(q) with respect to each of the unknown 
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DowThis  necessary condition for the minimization of S (q) can be 
expressed in matrix notation by equating the gradient of S(q) to 
zero, that is, 
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Equation (14) becomes 
[ ] qqddq α=− )()(TJ  (15) 
For non-linear problems, when the sensitivity matrix has some 
functional dependence on the vector of unknown parameters q, 
the problem is referred to as  the non-linear inverse problem. By 
the Taylor series expansion, 
 
)()()( 11 KKKKK Jdd qqqq −+= ++  (16) 
Equation (15) becomes 
[ ] 111 )()( +++ =− KKKTJ qqddq α   (17) 
Using equation (16) for non-linear equation, equation (17) 
becomes  
[ ] 111 )()()( +++ =−−− KKKKKKT JJ qqqqddq α (18) 
[ ] [ ]KKKTKKTKK JJIJJ qqddq +−+= +−++ )()()( 1111 α   (19) 
Further assuming JK+1  ̃JK, we have the following estimate for 
the unknown heat flux distribution: 
[ ] [ ]KKKTKKTKK JJIJJ qqddq +−+= −+ )()()( 11 α     (20) 
THE L-CURVE METHOD 
It is well known that the success of the regularized 
minimization method described above depends on an 
appropriate choice of the regularization parameter. While many 
techniques may be used for this purpose, the L-curve appears to 
be useful for selecting the regularization parameter for moving 
boundary problems, because of the highly nonlinear nature of 
the problems. Note that since the problem is non-linear, the 
Ordinary Cross-Validation (OCV), the Generalized Cross-
Validation (GCV) and Maximum likelihood method (ML) 
methods, which were utilized in the inverse heat conduction 
problems [1], are in general ineffective to find the optimal 
regularization parameter. In addition, the discrepancy principle 
based on the measurement error is not utilized because error 
may not be easily specified. The L-curve method is considered 
a viable choice for this purpose. The L-curve method is based 
on an algorithm that locates the ‘corner’ of a plot of the 
function of norm of computed heat fluxes, ||q||, versus norm of 
the difference between computed solidification distance and 
prescribed solidification distance, dd −  (Figure 2). Let Φ be 
a monotonically increasing function, we may define the curve 
 
{ }0:)(),(( >−ΦΦ= αddqL  (21)  
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tttt =Φ=Φ )(,)( , or tt 10log2
1)( =Φ ,t>0 (22) 
 
Figure 2 Illustration of determining optimal α using the L-
curve method 
 
RESULTS AND DISCUSSION 
The direct and inverse algorithms described above enable 
the prediction of solid-liquid interface morphology for a set of 
given boundary conditions and of the heat flux distribution 
along the boundaries for a prescribed interface movement. Two 
problems are studied using the inverse algorithm. 
 
Problem 1: solidification in a cavity 
This problem involves three different cases. Material 
properties for the calculations are given in Table 1. 
 
 





Case 1. Direct Problem 
Let us first consider the simplest case where solidification 
occurs in a square cavity ( mx 02.00 ≤≤ , my 02.00 ≤≤ ) under the 
prescribed conditions along the wall. The cavity is thermally 
insulated at the top and bottom.  The left wall is fixed at a 
constant temperature above the melting point, while the right 
side wall is imposed with heat extraction, which will cause the 
solidification to occur. Figures 3a and 3b illustrate the quasi-
steady state velocity and temperature fields in the cavity. For 
this problem, it is seen that the moving interface is strongly 
affected by the convection in the cavity. If the natural 
convection were not present, a vertical solidification front 








Figure 3. Direct solution of solidification problem. (a) 
Velocity distribution and (b) Temperature distribution The 
natural convection has a strong effect on the solidification 
interface shape. Direct problem. Boundary condition used: 
2280 K at the left wall and 2220K at the right wall. The melting 
point is 2243.15 K. 
 
 
Case 2. Inverse calculation: prescribed vertical interface 
For this case, the location of the solid-liquid interface is 
prescribed as a vertical straight line and the interest is in the 
prediction of heat flux distribution required to achieve this 
interface morphology. Boundary conditions are the same as in 
Case 1 except for the heat flux at the right side. Theoretically, 
this means that a heat flux distribution is designed and tuned 
such that the effect of natural convection on solid-liquid 
interface is eliminated. The inverse computational model 
described above is used to obtain the desired heat flux 
distribution at the right side wall. For this problem, the 
interface position is set at x = 0.01m from the cold wall. The 
regularization parameter α of 7.81 x 10−17 is chosen for an 
optimal regularization parameter using L-curve method. To 
determine the appropriate parameter α for this problem, 
simulations are made to generate the L-curve following the 
procedures described in [1]. Figure 4a plots the L-curve, which 
clearly shows a turning point in the error chart. Corresponding 
to the turning point is the optimal α for this  problem. Heat 
fluxes found in the regularization parameter are considered to 
be accurate, because the percentage error of solidification 
distance is very small. 
Max velocity 
0.6803E-3 m/s   
oaded From: https://proceedings.asmedigitalcollection.asme.org on 07/02/2019 Terms of UsFigures 4b and 4c show the inversely calculated heat flux 
distribution and the error distribution of solidification distance 
for this problem. It is seen that the largest error between the 
predicted and prescribed solidification interface position is 0. 
5%, which occurs near the bottom of the cavity. The predicted 
heat flux distribution varies strongly from the bottom to the top. 
The temperature distribution and fluid flow field calculated by 
this heat flux distribution are plotted in Figures 4d and 4e.  It is 
seen that a vertical solid-liquid interface is possible and the 
natural convection effect can be balanced with this inversely 
determined heat flux distribution.   


















































































Figure 4.  Inverse solution of solidification problem.  The 
interface position is prescribed as a vertical line at x=0.1. Other 
conditions are the same as in Figure 3.  (a) The L-curve from 
which the optimal regularization parameter is determined. (b) 
Inversely predicted heat flux distribution. (c) Error in interface 
position. (d) Velocity distribution and (e) Temperature 
distribution. 
 
Case 3: Inverse calculation: prescribed linear interface 
As another example, a linear distribution of solid-liquid 
interface is prescribed from the lower left corner to the upper 
right corner. The same regularization parameter α is used. The 
calculated heat flux distribution along the right side wall is 
depicted in Figure 5a, for which a simple functional form is 
difficult to obtain. In fact, it is seen that the heat flux inversely 
determined for this problem varies considerably along the right 
side wall. Figure 5b shows the calculated and prescribed solid-
liquid interface positions. This is seen that the large error is 
observed in the bottom and top corner regions; the maximum 
error being 4.3%.  Comparison of Cases 2 and 3 shows that the 
largest errors for this type of problems are associated with the 
corner regions at the ends of the free boundary and elsewhere 
the errors are much smaller. This may be attributed to the 
possible existence of singularity points near these corner 
Max velocity 
0.1393E-3 m/s   
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and temperature distribution using the inversely determined 
heat flux distribution are given in Figure 5c and 5d.  The strong 
heating near one location at the right-hand side appears to come 
from over heating and elsewhere the calculations seem to be 
reasonable. A remedy for the strong heating should be a better 
and more reasonably specified solid-liquid interface that is 
consistent with the specified insulating boundary conditions at 
the top and bottom surface. This case also shows that a correct 
use of inverse algorithm requires a good understanding of the 























































Figure 5.  Inverse solution of solidification problem.  The 
interface position is prescribed as a linear function y(x)= 4 x –
0.04. Other conditions are the same as in Figure 3.  (a) 
Inversely predicted heat flux distribution. (b) prescribed and 
calculated interface position. (c)velocity distribution and (d) 
temperature distribution. 
 
Problem 2: simplified crystal growth system 
This case is concerned with the inverse design for a single 
crystal growth process. The direct solidification model was 
reported in [13]. Material properties used for calculations are 
given in Table 2. Figure 6 shows the boundary conditions and 
geometry used in this problem. Temperature at x=0 is 
prescribed at 1235K, which is higher than melting temperature. 
Heat fluxes at y=3mm and x=22mm are insulated. The 
solidification distance is prescribed as the straight vertical line 
at x=10mm. In addition, the entire object is moving rightward 
at 3.34×10-6 m and gravity force, 9.8kg/m3, is also applied 
rightward.  
Figure 7 shows that heat flux distribution at y=0 
determined by the inverse algorithm, the prescribed and 
calculated interface positions, and the velocity and temperature 
distributions. The results suggest that the inversely determined 
heat flux is capable of obtaining an idealized vertical 
solidification front. The error of computed solidification 
distance is within 2%. 
Max velocity 
0.1088E-3 m/s   
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Figure 6 Inverse model for test 2 
 
 
Table 2 Material properties for Cd0.9Zn0.1Te 
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Figure 7   Inverse solution of solidification problem.  The 
interface position is prescribed as a unidirectional phase at 
x=0.01.  (a) Inversely predicted heat flux distribution. (b) 
prescribed and calculated interface position. (c)velocity 
distribution and (d) temperature distribution. 
CONCLUDING REMARKS 
This paper has presented a computational algorithm for the 
inverse design of solidification processing systems. The 
algorithm entails the use of Tikhonov regularization method, 
along with an appropriately selected regularization parameter 
based on the L-curve method. The direct solution of the moving 
boundary problem is solved using the deforming finite element 
method. The direct and inverse formulations are presented. The 
determination of optimal regularization parameter α using the 
L-curve method is also given. The design algorithm is applied 
to determine the appropriate boundary heat flux distribution in 
order to obtain a prescribed solidification front in a 2-D cavity 
and a simplified crystal growth system. These results show that 
the L-curve based regularization method is reasonably accurate 
for designing solidification processing systems. 
 
Max velocity 
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